Introduction. A mapping f : (R
n−k , 0) → R 2n (0 ≤ k ≤ n) to the symplectic space R 2n with the symplectic form ω = n i=1 dp i ∧ dq i is called isotropic if f * ω = 0. The classification problem of isotropic mappings is one of basic subjects in the symplectic mathematics, in particular, in symplectification of the singularity theory, including the study on Lagrangian varieties and singular curves in the symplectic space. We will give a short survey on the subject and related basic contributions to the classification problem.
One of major motivations for the classification problem comes from classical mechanics and its quantizations, celestial mechanics, field theory, and so on, in the Hamiltonian framework. From the view point of applications, we need to consider also the classification problem in the presence of a system of commuting Hamiltonians.
For example, in the symplectic 4-space {(p 1 , q 1 , p 2 , q 2 )} consider the energy function h = The paper is in final form and no version of it will be published elsewhere.
[85] 86 G. ISHIKAWA AND S. JANECZKO we may assume π(p, q) = (q +1 , . . . , q n ) =q. Then two isotropic map-germs f, g :
are called equivalent if f is transformed to g by a symplectomorphism Φ : (R 2n , f (0)) → (R 2n , g(0)) preserving π-fibers up to a parametrization, namely, for diffeomorphisms σ : (R n−k , 0) → (R n−k , 0) and ϕ : R n− , π(f (0)) → R n− , π(g(0)) , we have Φ • f = g • σ, ϕ • π = π • Φ, i.e., the following diagram is commutative:
π(g(0)) .
In the case = 0, we call the above equivalence Lagrange equivalence. In the case = n, we call it symplectic equivalence. In the case = n − 1, we consider a fibration by hypersurfaces. In general, we call the equivalence flexible equivalence, or π-equivalence, making stress on the fixed coisotropic fibration π.
In the above definition, if we do not impose the condition that Φ is a symplectomorphism but do impose just that Φ is a diffeomorphism, we get the ordinary equivalence of composed mappings (f, π) and (g, π). If = n, then it just gives the A-equivalence of mappings f and g.
Apart from generic classification, for Cauchy problem of Hamilton-Jacobi equations, we treat isotropic submanifolds I
, and consider the diagram
with the condition H • f = 0. Then the problem is reduced to the classification of the reduction f :
, which is a singular isotropic mapping ( [12] ). A coisotropic fibration π : (R 2n , 0) → (R n− , 0) induces, via the fiberwise symplectic reduction, the submersionπ :
is regarded as an unfolding by isotropic map germs of an isotropic map-germ (R −k , 0) → (R 2 , 0). Then we are led to the classification problem and the unfolding problem of isotropic map-germ
. In the paper [16] we consider, in particular, the case = 1 and k = 0. We review shortly the classification result obtained in [16] in Section 2. In particular we have shown in [16] the symplectic codimension of plane curve-germ f : (R, 0) → (R 2 , 0) is a diffeomorphism invariant. This is not true for curves (R, 0) → (R 2n , 0) when n ≥ 2. However we observe the diffeomorphism invariance of the symplectic codimension of Lagrange variety in Section 6.
Note that the case π • f is not a submersion and k = 0 is treated in [30] . Lagrange singularity theory treats Lagrange equivalence mainly. The objects of the study, then, are the composed mapping
consisting of a Lagrange immersion, i.e. an isotropic immersion f with k = 0, and a Lagrange fibration, i.e. a coisotropic fibration π with = 0 ( [3] ). For the classification in the case f is not an immersion, see [4] for example. Note that a coisotropic fibration π :
. Thus we have a composed mapping
Though intermediate Lagrange fibrations and Lagrange extensions are not unique, we see this aspect is effective for the classification problem, at least, in the case = 0. In Section 4, we review the classification of isotropic immersions under Lagrange equivalence due to Janeczko and Zakalyukin ([20] , [29] ).
Even if f :
Here we assume F | R n−k ×0 = f and F may not be an immersion accordingly. Thus we consider the "flag" of isotropic mappings:
Lastly we consider the case of equivariant isotropic mappings.
Symplectic bifurcations of plane curves.
Let f : (R, 0) → (R 2 , 0) be a mapgerm. We define the codimension (more exactly A e -codimension) of f by
,
is the space of vector field-germs over (R, 0) (resp. (R 2 , 0)), and tf :
Then f has an A-versal unfolding with the parameter dimension codim(f ). If f is analytic, the condition of A-finiteness is equivalent to that the complexification of f has an injective representative.
Moreover, in general, we define
where V H 2 ⊆ V 2 means the space of Hamiltonian vector field-germs over the symplectic plane (R 2 , 0). Then clearly
In [16] the following is shown:
. f λ and f λ are symplectically equivalent if and only
(2) Any plane curve germ of type E 6 +2 ( ≥ 2) is symplectically equivalent to
. 
is not a symplectomorphism. In fact,
The homogeneous space Diff(R 2 , 0)/Symp(R 2 , 0) has, via Jacobian, a simple structure (as set):
This may explain partly the fact observed in Theorem 2.2 that the "symplectic moduli space" has rather simple structure.
In general consider the group CSymp(
3. Singular curves in the symplectic space. Arnold [1] gives symplectic classification of singular curves f : (C, 0) → (C 2n , 0) with order(f ) = 2. This can be applied also to the real case. Also note that any curve-germ (R, 0) → (R 2n , 0) is necessarily isotropic. Now we define the symplectic codimension of f :
where V H 2n ⊆ V 2n denotes the space of Hamiltonian vector field-germs over (R 2n , 0). V I f is the space of infinitesimal isotropic deformations of f .
Then we observe that the symplectic codimension is, in fact, not a diffeomorphism invariant for map-germs R → R
4
, contrary to the case of symplectic plane curves. For example, consider map-germs
and In fact, when f = A 2k,0 : (R, 0) → (R 4 , 0), we can take
as a basis of the vector space
in addition.
Here we do not mention the details of the symplectic classification of curves in (R 2n , 0). However we introduce several natural equivalence groups for a given coisotropic fibration
In the similar way, for π-fiber preserving positiveconformally symplectic diffeomorphisms (resp. π-fiber and orientation preserving diffeomorphisms, π-fiber and volume preserving diffeomorphisms), we define the group
). Then we have the square of inclusions:
Note that, in the case n = 1,
Isotropic immersions in Lagrange equivalences. Now we consider the case of proper isotropic immersions
classified with respect to the standard equivalency by symplectomorphisms
preserving π-fibers up to a parametrization, where the coisotropic fibration π :
is generated by a smooth generating I-Morse family-germ (cf. [20] 
has exactly rank equal to m + k at 0. Then it is easy to check that
where [20] as a quasicaustic in an aperture diffraction. By this formulation we also see that the isotropic submanifold-germs can be represented as a sub-Lagrangian-germs, i.e., we have a smooth Lagrangian subman-
be a smooth map-germ (coming from the extra k equations of the family F :
is a smooth isotropic germ. All isotropic submanifoldgerms can be represented in this way (cf. [20] ). To establish the classes of generating I-Morse family-germs which generate Lagrangian equivalent isotropic varieties, to each generating family-germ (q, λ, β) → F (q, λ, β) we prescribe the inactive domain, i.e. the set of function-germs
, which generates as an I-Morse family-germ the same isotropic immersion-germ. We say that two I-Morse family-germs,
preserving the hypersurface {β = 0}. This group of R + -equivalences preserves the set U F . Now we can define the equivalency of I-Morse family-germs representing uniquely the corresponding isotropic immersion-germs. We say that F 1 and F 2 are I-equivalent if there is an element of U F 2 which is R + -equivalent to F 1 and oppositely there is an element of U F 1 which is R + -equivalent to F 2 . We say that I-equivalency of I-Morse family-germs is equivalent to the Lagrangian equivalency of the corresponding isotropic immersion-germs.
If we pass to the representing pairs (f, g), then the inactive domains are defined by
-equivalence of I-Morse family-germs reduces to the ordinary R + -equivalence of representing pairs (f, g). Following the methods of [20] and the announced completed classification of [29] we may formulate the following proposition. 
1.
9.
Note that there exists another natural class of immersions in a symplectic space: coisotropic immersions. Though we treat isotropic mappings in this paper mainly, we recall here the basic construction of coisotropic immersions briefly.
Let
, classified with respect to the standard Lagrangian equivalence. Coisotropic submanifoldgerms are generated by the corresponding generating families (cf. [19] 
is regular on the stationary set
is a coisotropic immersion-germ. We leave the classification of the coisotropic singularities to the forthcoming paper.
Singular isotropic mappings.
In this section, we first observe that any family of curves produces an isotropic mapping of corank not greater than 1.
be a family of curves:
Then we define Ψ :
In fact, the p -components are given by the condition
namely by
Then Ψ is an isotropic mapping uniquely determined from Ψ up to symplectomorphisms. We call Ψ the isotropic lifting of Ψ (cf. [16] ).
By the same construction as above, we see that any isotropic unfolding Ψ :
of corank not greater than 1, lifts to an isotropic mapping Ψ : (R m+s , 0) → (R 2(n+s) , 0). In fact, since Ψ is an unfolding by isotropic germs, setting
we see that there exists a function e(x, λ) satisfying
Then we have the isotropic lifting of Ψ by setting
We suppose that π(p, q) = (q +1 , . . . , q n ) =:q. Let r be an integer with 0 ≤ r ≤ n − . Then set
Then, as a converse of the lifting construction, we have a kind of "rank theorem":
Next we remark that the construction of isotropic jet spaces discussed in the case k = 0 in [13] works also for the general case, and the isotropic transversality theorem holds as well.
Let X be an (n − k)-dimensional manifold, M a symplectic 2n-dimensional manifold. We set
and
Here Σ 2 (X, M ) denotes the set of isotropic jets with corank not smaller than 2. We set
Proof. Set m = n − k. Since the assertion is a local one, it is sufficient to show it in the case X = R m and M = R 2n . Moreover, since
, it is sufficient to show the assertion for R r (m, 2n) ⊆ J r (m, 2n). Set V r = J r (m, 2n) and denote by Λ r the space of (r−1)-jets of closed 2-forms on (R m , 0).
We set φ t = (P + t P , Q + t Q). Then
Then, for any 1-form E on R m , we find P i , Q i and e in E m with
Then we can find e and then consequently find P i , i = 1, . . . , m − 1. Thus we see that ρ * is surjective.
For an (n − k)-manifold X and for a symplectic 2n-manifold M , we denote by
the set of C ∞ isotropic mappings f : X → M of corank not greater than 1 everywhere on X, endowed with Whitney C ∞ topology. In [13] , we prove "isotropic transversality theorem" in the case k = 0. The same proof works also for k > 0:
non-negative integer and U a locally finite family of submanifolds of R r (X, M ). Then the subspace
Next we give a remark on "isotropic Thom-Boardman singularity". We define, for a sufficiently large r,
, and . In fact we set
where (p, q, ϕ, κ) is the coordinate system on T R 2n = R 4n defined by ϕ i (v) = v(dp i ) and
, where
be an isotropic map-germ. Then we set, as the space of infinitesimal isotropic deformations of f , at least formally,
where Π is the canonical projection Π :
Then there exists a function e ∈ E n−k , which is called a generating function, satisfying de = v * θ # , up to a constant. We set
Then any generating function of a vector field in V I f belongs to R f . Thus we define the linear mapping e : V I f → R f /R by taking a generating function up to constant. We denote by V n−k (resp. V H 2n ) the space of vector field-germs over (R n−k , 0) (resp. the space of Hamiltonian vector field-germs over (R 2n , 0)). Then we define the basic operations tf : V n−k → V I f and wf : V H 2n → V I f induced by f in the infinitesimal way: tf (ξ) := f * (ξ) and wf (η) :
being the differential of f . Note that H • f is a generating function of wf (X H ), where X H is the Hamiltonian vector field with Hamiltonian H ∈ E 2n . Moreover we have (tf (ξ)) * (θ # ) = 0, and therefore e(tf (ξ)) = 0, for any ξ ∈ V n−k .
We define V L π ⊆ V H 2n , the subspace consisting of Hamiltonian vector fields which project to vector fields over (R n− , 0), via the differential π * : T R 2n → T R 
where p = (p 1 , . . . , p ),q = π(p, q) = (q +1 , . . . , q n ), and a +1 , . . . , a n are smooth functions. 
where
Now we define the symplectic codimension of an isotropic map-germ f :
.
. This stability condition coincides with the stability for isotropic deformations under π-equivalence, at least if corank(f ) ≤ 1.
In the case = 0, namely in the case that π is a Lagrange fibration, f is called Lagrange stable if f is π-stable. Lagrange stable immersions are classified by means of their generating families ( [3] ). Lagrange stable mappings of corank not greater than 1 are classified partly in [4] . If = n, then we omit π:
f is called symplectically stable if sp-codim(f ) = 0. Symplectically stable isotropic mapgerms are classified under the symplectic equivalence completely in [14] .
Symplectic codimension of Lagrange varieties.
We understand the reason of the fact proved in [16] that the symplectic codimension of a plane curve on the symplectic plane is a diffeomorphism invariant (Theorem 2.1) is simply that a plane curve is a Lagrange variety. Now we show that the symplectic codimension of an isotropic mapgerm f : (R n , 0) → (R 2n , 0), satisfying a mild condition, is a diffeomorphism invariant (i.e. A-invariant).
Then we have the following:
If f and g are A-equivalent, then sp-codim(f ) = sp-codim(g).
Proof. First we remark that if f and g are R-equivalent, then sp-codim(f ) = sp-codim(g).
So we may assume g = Φ • f , Φ being a diffeomorphism on (R 2n , 0). Consider the basic exact sequence for f :
where V H f,2n := {X H ∈ V H 2n | H • f = 0}. Then by Lemma 6.1, wf (V H f,2n ) ⊆ tf (V n ). Thus we have the following exact sequence:
Also for g, we have the corresponding exact sequence. Now we have R g = R f , g * E 2n = f * E 2n , and Φ * (tf (V n )) = tg(V n ). Moreover, in general, we have
In fact, suppose v ∈ V I f . Then, for all ξ ∈ T x R n , we have 0 = v * θ, ξ = θ( v(x)), v * ξ = v(x), π * v * ξ = v, f * ξ = ω(v(x), f * ξ). So, for any x ∈ Reg(f ), f * (T x R n ) is Lagrangian, and therefore v(x) ∈ f * (T x R n ).
Since f is a C ∞ -normalization, we see Reg(f ) is dense. Therefore we have
= sp-codim(f ).
Moreover we define a variant of symplectic codimension, called the reduced symplectic codimension of f , by
Then we have:
Proof. Set G f := {h ∈ E n | dh ∈ df f * E 2n }. We have the following exact sequence:
Then we see easily that sp-codim(f ) is an A-invariant.
We set sd(f ) := sp-codim(f ) − sp-codim(f ).
Then we have:
Corollary 6.4. sd(f ) is a diffeomorphism invariant. Moreover we see that
Remark 6.5. We can also treat the case of multi-germs: Let S ⊂ R n be a finite subset. A map-germ f : (R n , S) → (R 2n , 0), f (S) = {0}, is called isotropic if f * ω = 0. Then if f is a C ∞ -normalization, then we have the exact sequence
where V I f , V I f , V S and R f are defined similarly to the case S = {0}. For example, R f := {e ∈ E S | de ∈ E S df }. Moreover we see that
Thus we conclude that sp-codim(f ) := dim R V I f tf (V S ) + wf (V H 2n ) is a diffeomorphism invariant (A-invariant).
